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Preliminary studies on neutrino factories use solenoids at diﬀerent stages.
Often quoted is the adiabatic device, a long solenoid with a slowly decreas-
ing ﬁeld used to capture pions behind the target. In cooling sections as well,
design reports show lattices using solenoids with alternating ﬁeld to contain
the beam. This note describes the transverse behaviour of charged parti-
cles in a solenoidal ﬁeld. First, a general description of the magnetic ﬁeld is
reviewed with emphasis on particular features, such as the canonical momen-
tum formalism. Then, a complete study of the adiabatic device is presented,
along with tracking simulations based on hamiltonian mechanics. Eventu-
ally, the case of solenoidal focusing within the short lens approximation is





Within the framework of a neutrino factory and muon colliders, preliminary
designs make wide use of solenoidal systems at various stages, from the target
area to the ﬁnal muon storage ring [1, 2]. This note aims at understanding
the transverse motion of charged particules inside a solenoidal ﬁeld and the
particularities of solenoidal focusing.
Starting from a general description of the magnetic ﬁeld inside a solenoid,
this paper addresses two diﬀerent aspects. In a ﬁrst part, the transport
of particles inside a long solenoid is studied with emphasis on a speciﬁc
device often quoted in the neutrino factory design, the so-called Adiabatic
Device. This device is a long solenoid with a soft tapering ﬁeld and increasing
radius which could be used to collect pions right behind the target with a
large transverse acceptance in momentum. In a second part, the question of
focusing with solenoids seen as thin lenses is discussed. Indeed, downstream
the channel, a cooling section may be mandatory to reduce the transverse
dimensions of the muon beam [2]. This cooling would take place inside a
channel made of a succession of solenoids with alternating ﬁelds, considered
as focusing lenses.
The motivation is here to fully understand the behaviour of particle in-
side the solenoids so as to clearly establish the advantages of a solenoidal
capture over other more conventional collection systems, such as horns or
quadrupoles. As a result, some ﬁgures of merit of solenoidal systems such as
the acceptance for the adiabatic device or the focal lens for short solenoids
have been derived. For consistency in the whole design of a neutrino fac-
tory, it is important to connect each part of the factory to the following one
using the same variables and terminology. For instance, attention must be
paid to the transition region from a rotationally symmetric lens such as a
solenoid to a standard alternating gradient channel made of quadrupoles.
For that purpose, the particle phase space evolution in the adiabiatic device
has been studied in the canonical variables formalism and speciﬁc tracking
codes written with Mathematica are presented here.
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2 Solenoidal Magnetic field
In this ﬁrst part, the components of the magnetic ﬁeld of the solenoid are
derived. The goal is to understand the transverse forces experienced by the
particles at the entrance and at the output of a solenoid.
2.1 General Magnetic Field
Because of the rotational symmetry, cylindrical coordinates are chosen in the
following calculations. Inside the solenoid the current density J is zero and
in the absence of electrical ﬁeld, Maxwell’s equation for the magnetic ﬁeld B
in vacuum is:





The magnetic ﬁeld can therefore be written as the gradient of a scalar po-
tential ψ:
B = −∇ψ. (2)
Combining equation (2) with the other Maxwell’s equation ∇ · H = 0, the
scalar potential obeys Laplace’s equation:
∇2ψ = 0. (3)

















where the last term cancels out because of the axial symmetry of the sys-
tem and where the potential is a function of variables r and z, z being the
coordinate of the axis of the solenoid.
An expression for the potential ψ(r, z) is now needed in terms of r and of
the scalar potential on the axis ψ(z). Knowing this expression, equation (2)
gives the components of the magnetic ﬁeld in terms of the magnetic ﬁeld on
the axis of the solenoid. Instead of solving the diﬀerential equation using the







and replaced in Laplace’s equation (3). Identifying the powers of n after




ψ(2n)(z) ∀n ≥ 2 (6)
a2n+1 = 0 ∀n (7)
with initial condition a0(z) = ψ(r = 0, z) = ψ(z). Hence, plugging these












where ψ(z) is the value of the potential on the axis of the solenoid, i.e.
ψ(z) = −∂B(z)
∂z
where B(z) is the ﬁeld on the axis. Equation (2) then allows
to derive the formulae giving the magnetic ﬁeld inside the solenoid as a


























which means that a variation of the magnetic ﬁeld along the axis of the
solenoid gives rise to a radial component of the magnetic ﬁeld. This term is
responsible for the end eﬀects seen by particles entering or leaving a solenoid
since, at the end of a solenoid, the ﬁeld falls from a given value B to zero.
Let’s look at the behaviour of a particle entering the solenoid and assume
that its velocity is along the direction z of the axis of the solenoid: v = vez.




= qv × B (12)
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and the radial component of the ﬁeld brings a change in the azimuthal mo-
mentum dpθ
dt














As a consequence, the variation of the magnetic ﬁeld, which varies for in-
stance from zero to a given value at the entrance of a solenoid, induces a
transverse kick in the azimuthal momentum. In other words, the particles
crossing the fringe ﬁelds experience a transverse force [3]. This phenomenon
is responsible for the particles entering with a velocity parallel to the axis of
the solenoid to start spiralling inside the solenoid. The next section studies
how to deal with these end eﬀects.
2.2 Canonical Phase Space
Although the fringe ﬁelds produce an azimuthal kick in the transverse mo-
mentum, it is still possible to describe the beam evolution through the
solenoid with an appropriate phase space. In this section, it is shown that
the phase space of the canonical variables in terms of Lagragian mechanics
are well adpated to this description.
Deﬁning the potential vector A with B = ∇× A, the radial component
of the ﬁeld is equivalent to an azimuthal component of the potential vector









Figure 1: Frame and vectors conﬁguration in the transverse plane.
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Starting from the relativistic Lagrangian
L = −m0c2
√
1− β2 − eV + e A · v (14)
where m0 is the particle rest mass, β = v/c the Lorentz factor, v the velocity
of the particule and V a scalar potential, the canonical momenta in the








= γm0vy + eAy (16)
where γ is the usual Lorentz factor. The ﬁrst component may be written
according to ﬁgure 1:
px = P⊥x + eAx = (P⊥ − eA) sinφ (17)





Hence, following R. Chehab [4] and squaring both sides of this latter equation,
the ﬁnal form is:
p2x




In the canonical phase space [x, px] this is the equation of an upright ellipse.
In addition to this interesting property, it is relevant to show that the
beam phase space as calculated above with the canonical variables, remains
invariant when crossing the solenoid end ﬁelds [5]. We remember from the
previous section that, in the vicinity of the edges, the radial ﬁeld induces a
kick in the azimuthal momentum. Let’s thus consider a particle entering a
solenoidal ﬁeld. Outside of the ﬁeld, the standard variables describing the





′ = dx/dz. Assuming
that the angular kick given by equation (13) occurs at a ﬁxed point right















This shows that the standard variables are sensitive to end ﬁelds eﬀects.
However, in this region, the components of the vector potential in the carte-
sian frame are A = (−yB/2, xB/2, 0). Then, the canonical momenta (15)
written in a slightly diﬀerent manner:
px = Pzx
′ + eAx (21)
py = Pzy
′ + eAy (22)
thanks to vx = vzx
′, are then transformed with the following rules:
px1 = Pzx
′









0 = px0 (23)
py1 = Pzy
′










0 = py0 (24)
which shows that the canonical momenta are invariant under the eﬀect of
fringe ﬁelds. It is therefore very practical to work with these canonical vari-
ables since they can be tracked inside the solenoid and stay constant when
leaving the solenoid. More generally, if the hamiltonian is independent of
the azimuthal coordinate, which is the case for systems with cylindrical sym-
metry, the canonical momentum associated with the azimuthal coordinate
is conserved. Once outside the solenoidal ﬁeld, the vector potential is zero
and the canonical momenta become real, physical momenta which just have
to be translated into the position/angle formalism to go on tracking with
the standard variables. This method can be used to study the adaptation
optics at the transition from a solenoid to a quadrupole channel [6] and an
application of these properties is made in the following section.
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3 Adiabatic Device
Among the various solenoidal systems that can be used to capture pions after
the target [7], the adiabatic device is often quoted in the proposed schemes
for a neutrino factory. This adiabatic device is a solenoid whose ﬁeld slowly
decreases over a few meters, while its physical radius increases. It has the
interesting property of converting a beam emittance with large transverse
momenta and small radius into a beam emittance with smaller transverse
momenta but larger physical dimensions. It can thus be used to capture
particles produced with a large momentum spread in the transverse plane.
3.1 Main Properties of the Adiabatic Device








where B0 = 20 T is the ﬁeld around the target, P0 a central value of the
scalar momentum and $ 
 1 a parameter of smallness which must be kept





Figure 2: Magnetic ﬁeld in the adiabatic device.
the axis of the solenoid, the high ﬁeld allows to collect pions with a large








with P⊥max = eB0r/2 (26)
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where r is the radius of the solenoid, P⊥ the transverse momentum, B0 the
magnetic ﬁeld on the axis of the solenoid and e the particle charge. This
maximum transverse momentum accepted is the one of the particles spiralling
inside the solenoid with a maximum radius half the radius of the solenoid,
hence the factor one half.
The system is described by two equivalent invariants:
P 2⊥
B
conservation of the magnetic moment (27)
Br2 conservation of the magnetic ﬂux (28)
both resulting from the invariance of the action integral under adiabatic
changes [8]. These invariants allow to trace the transverse phase plane evo-
lution along the solenoid. If a is the radius and Bs the ﬁeld of the solenoid
at the end of the adiabatic device, the radial acceptance and the transverse

















where one can see the tranformation from large transverse momenta and
small dimensions to smaller transverse momenta and larger dimensions. The
typical values as quoted in the draft parameters list of the american collab-
oration for the neutrino factory [9] are B0 = 20 T for radius of 7 cm and
Bs = 1.25 T. In that case the emittance is transformed from P⊥0 = 225
MeV/c with r0 = 7 cm into P⊥final = P⊥04 = 56 MeV/c with a = 4r0 = 28






increases for a constant emittance.
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3.2 Hamiltonian Mechanics and Tracking
The hamiltonian derivation of the equations of motion has been done by
R.Chehab [10, 7]; his principal results are given here. Simulations made
with a tracking code written to trace the canonical phase space through the
adiabatic device are shown.
It is convenient to work in the Larmor frame which rotates with respect







The Larmor canonical coordinates (ξ, pξ, η, pη) are related to the cartesian











cosφ 0 − sin φ 0
0 cos φ 0 − sinφ
sinφ 0 cosφ 0











The equations of motion written in the Larmor frame are decoupled and
can be integrated for a slowly varying ﬁeld by an iterative method to give a
































If R is the 4 by 4 rotation matrix (32) from the Larmor frame to the Carte-
sian frame, and M the 4 by 4 block diagonal matrix, each block being given
by the preceding matrix, the matrix product RMR−1 allows to track par-
ticles inside the adiabatic device in the (x, px, y, py) frame and to plot the
intersection of the 4D-phase space volume with the plane (y = 0, py = 0) in
the initial and ﬁnal conﬁgurations as done in ﬁgure 3.
The transformation of the beam phase space seen on equations (29) is thus
conﬁrmed by this simulation. Since the tracking is done with canonical vari-
ables which are not aﬀected by the fringe ﬁelds of the solenoid, this phase
space can be the beginning point either for a transition to a quadrupole
channel or for the continuation of a long 1.25 T solenoid inside which various
operations such as bunch rotation can be done [11].
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Figure 3: Transverse phase space evolution through the adiabatic device in
one transverse plane from the input (target) to the output.
4 Solenoidal Focusing
In the previous section, a long solenoid used to capture particles behind the
target was considered; in this section, solenoids are studied as thin focusing
lenses.
4.1 Simplified Paraxial Ray Equation
The aim is to ﬁnd the ﬁrst-order equation describing the transverse motion
of charged particles in an axisymmetric system for particles of constant ve-
locity.
Taking into account the linear terms of the radial and longitudinal magnetic
ﬁeld equations (9) and (10) inside the solenoid, the components of the mag-





−mγrθ˙2 = qrθ˙B (34)
with usual cylindrical coordinates conventions. The angular velocity θ˙ is
extracted from the equation giving the canonical angular momentum pθ:
pθ = γmr
























In order to write with the usual formalism of accelerator physics where the
derivatives are expressed with respect to the longitudinal coordinate, say z,
the following rules, which are valid for a constant Lorentz factor βz = vz/c,
are considered:
γ˙ = γ′βzc
r˙ = r′βzc (37)
r¨ = r′′(βzc)2












The introduction of an electrical ﬁeld brings more complexity into this parax-
ial ray equation [8]. If the angular momentum is diﬀerent from zero, the last
term is a repulsive core, preventing particles from crossing the axis. However,
considering this equation of motion for a particule coming parallel to the axis
from outside of the solenoid, Aθ = 0, θ˙ = 0 and βz = β, hence according
to equation (35), pθ = 0. The last equation is thus reduced to an harmonic
oscillator equation r′′ + kr = 0 in the variable r with a focusing strength k










Since there is no dependence on the variable θ, the focusing occurs with
a rotational symmetry. Attention must be paid to the fact that the focal
distance increases with the square of the momentum so that the focusing
with solenoids is more eﬀective for small momenta particules.
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4.2 Matrix formalism
Another way to ﬁnd this focal distance for a short solenoid is to derive a
transport matrix for the 4D vector (x, x′, y, y′) and to make the short lens
approximation as usually done for quadrupoles.
For that purpose, the transfer matrix M of the whole solenoid is the
product of three diﬀerent matricesM1,M2,M3 corresponding to the entrance
fringe ﬁeld, the constant axial magnetic ﬁeld, and the output fringe ﬁeld
respectively. The end ﬁelds eﬀects have to be taken into account since the











Figure 4: Transverse plane conﬁguration.
In the transverse plane (ﬁgure 4), θ is the rotation angle of the particule with
respect to the center of the circle of radius ρ (projection of the spiral in the





this angle is given by:






where vt is the transverse velocity.
As seen in the ﬁrst section, the radial component of the magnetic ﬁeld
induces an angular kick which changes the divergence of the beam as seen
in equations (20). Assuming the kick is localized at a given longitudinal
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with the approximation Pz  P . At the output of the solenoid, the matrix














For the part inside of the solenoid the basic geometry of ﬁgure 4 gives the






sin θ 0 P
eB
(1− cos θ)
0 cos θ 0 sin θ
0 − P
eB
(1− cos θ) 1 P
eB
sin θ
− sin θ 0 0 cos θ

 . (44)
For the whole solenoid the product of the three matrices, M = M3·M2·M1




C2 CS/α CS S2/α
−CSα C2 −S2α CS
−CS −S2/α C2 CS/α
S2α −CS −CSα C2

 (45)
with S = sin(θ/2), C = cos(θ/2), α = eB/2P and θ = 2Lα if L is the total
length of the solenoid. The thin lens approximation is done by making the
length L, hence θ, small, and by keeping the ﬁrst term of Taylor series for




1 0 0 0
−1/f 1 0 0
0 0 1 0
0 0 −1/f 1

 (46)











Two diﬀerent aspects of the use of solenoids in the framework of a neu-
trino factory are studied. The ﬁrst possible use is connected to the capture
section with a special adiabatic device aiming at collecting large transverse
momentum pions and transforming the large momenta range with a small
beam dimension into smaller momenta range with a large beam dimension.
The transport matrix is expressed in terms of the canonical variables which
are well adapted to describe the solenoid system since they are not aﬀected
by the fringe ﬁelds eﬀects. The result of a tracking in phase space is also
presented and conﬁrms the transformation of the beam emittance inside the
adiabatic device. The main advantage for this kind of device is the wide
energy acceptance and the rotational symmetry. However, questions such as
the separation of the primary proton beam from the resulting pion beam, or
the use of RF cavities inside a magnetic ﬁeld are still being studied for the
neutrino factory.
The second part is devoted to solenoidal focusing which could be used in a
cooling section for instance. A short solenoid can be considered as a focus-
ing device in both planes within the usual thin lens approximations. The
transport matrices as well as a simpliﬁed paraxial ray equation describe the
motion of particle inside the solenoid for the transverse plane. Both matrix
formalism and motion equations give the same value for the focusing strength
which decreases with the square of the momentum.
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